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a b s t r a c t
Recently, it has been proved that a real-valued function defined on an interval A of R,
the set of real numbers, is uniformly continuous on A if and only if it is defined on A
and preserves quasi-Cauchy sequences of points in A. In this paper we call a real-valued
function statistically ward continuous if it preserves statistical quasi-Cauchy sequences
where a sequence (αk) is defined to be statistically quasi-Cauchy if the sequence (1αk) is
statistically convergent to 0. It turns out that any statistically ward continuous function on
a statisticallyward compact subset A ofR is uniformly continuous on A. We prove theorems
related to statistical ward compactness, statistical compactness, continuity, statistical
continuity, ward continuity, and uniform continuity.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The concept of continuity and any concept involving continuity play a very important role not only in pure mathematics
but also in other branches of sciences involving mathematics especially in computer science, information theory, biological
science.
A real function f is continuous if and only if, for each point α0 in the domain, limn→∞ f (αn) = f (α0) whenever
limn→∞ αn = α0. This is equivalent to the statement that (f (αn)) is a convergent sequence whenever (αn) is. This is also
equivalent to the statement that (f (αn)) is a Cauchy sequence whenever (αn) is, provided that domain of the function is
either whole R or a bounded and closed subset of R. These well known results for continuity for real functions in terms of
sequences suggest to us a new type of continuity, namely, statistical ward continuity.
The purpose of this paper is to investigate the concept of statistical ward continuity of a real function which cannot be
given by means of any G and prove interesting theorems.
2. Preliminaries
A subset of R, the set of real numbers, is compact if and only if it is closed and bounded. A subset A of R is bounded if
|a| ≤ M for all a ∈ A where M is a positive real constant number. This is equivalent to the statement that any sequence of
points in A has a Cauchy subsequence. The concept of a Cauchy sequence involves far more than that the distance between
successive terms is tending to zero. Nevertheless, sequences which satisfy this weaker property are interesting in their own
right. A sequence (αn) of points in R is quasi-Cauchy if (1αn) is a null sequence where1αn = αn+1 − αn. These sequences
were named as quasi-Cauchy by Burton and Coleman [1], while they were called forward convergent to zero sequences in
both [2,3] (see also [4,5]).
It is known that a sequence (αn) of points in R is slowly oscillating if
lim
λ→1+
limn max
n+1≤k≤[λn]
|αk − αn| = 0
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where [λn] denotes the integer part of λn. This is equivalent to the following if αm − αn → 0 whenever 1 ≤ mn → 1 as,
m, n →∞. Using ε > 0 s and δ, this is also equivalent to the case when for any given ε > 0, there exists δ = δ(ε) > 0 and
N = N(ε) such that |αm − αn| < ε if n ≥ N(ε) and n ≤ m ≤ (1+ δ)n (see [6]). Any Cauchy sequence is slowly oscillating,
and any slowly oscillating sequence is quasi-Cauchy. There are quasi-Cauchy sequences which are not Cauchy. For example,
the sequence (
√
n) is quasi-Cauchy, but not Cauchy. Any subsequence of a Cauchy sequence is Cauchy. The analogous
property fails for quasi-Cauchy sequences, and fails for slowly oscillating sequences as well. A counterexample for the case,
quasi-Cauchy, is again the sequence (an) = (√n)with the subsequence (an2) = (n). A counterexample for the case slowly
oscillating is the sequence (log10 n) with the subsequence (n). Furthermore we give more examples without neglecting
(see [7]): the sequences
∑∞
k=1
1
n

, (ln n), (ln ln n), and combinations like that are all slowly oscillating, but Cauchy. The
sequence
∑k=n
k=1
 1
k
 ∑j=k
j=1
1
j

is quasi-Cauchy, but slowly oscillating (see also [8–10]).
A sequence (αk) of points in R is called statistically convergent to an element ℓ of R if for each ε
lim
n→∞
1
n
|{k ≤ n : |αk − ℓ| ≥ ε}| = 0,
and this is denoted by st − limk→∞ αk = ℓ ([11], see also [12,13]).
Now we recall the definitions of ward compactness, and slowly oscillating compactness.
Definition 1 ([2,4]). A subset A of R is called ward compact if any sequence of points in A has a quasi-Cauchy subsequence.
Definition 2 ([8,10]).A subsetA ofR is called slowly oscillating compact if any sequence of points inAhas a slowly oscillating
subsequence.
3. Statistical ward continuity
We call a sequence (αk) of points in R statistically quasi-Cauchy if
st − lim
k→∞1αk = 0.
Any quasi-Cauchy sequence is statistically quasi-Cauchy, but the converse is not always true. We see that a statistically
convergent sequence is statistically quasi-Cauchy. There are statistically quasi-Cauchy sequences which are not statistically
convergent.
Now we give the definition of statistical ward compactness.
Definition 3. A subset A of R is called statistically ward compact if any sequence of points in A has a statistical quasi-Cauchy
subsequence.
We need the following lemmas for the proof of our theorems.
Lemma 1. Any statistically convergent sequence of points in R with a statistical limit ℓ has a convergent subsequence with the
same limit ℓ in the ordinary sense.
See Theorem 3 on page 21 of [12].
Lemma 2. A subset A of R is bounded if and only if it is statistically ward compact.
Proof. Although there is a proof in [14] we give a short proof for completeness. It is an easy exercise to check that bounded
subsets of R are statistically ward compact. To prove that (b) implies (a), suppose that A is unbounded. If it is unbounded
above, then one can construct a sequence (αn) of numbers in A such that αn+1 > 1 + αn for each positive integer n. Then
the sequence (αn) does not have any statistically quasi-Cauchy subsequence, so A is not statistically ward compact. If A is
bounded above and unbounded below, then similarly we obtain that A is not statistically ward compact. This completes the
proof. 
A sequence α = (αn) is δ-quasi-Cauchy if limk→∞12αn = 0 where 12αn = an+2 − 2an+1 + αn [15]. A subset A of R is
called δ-ward compact if whenever α = (αn) is a sequence of points in A there is a subsequence z = (zk) = (αnk) of α with
limk→∞12zk = 0. It follows from the above lemma that any statistically ward compact subset of R is δ-ward compact, and
closure of a statistically ward compact subset of R is Abel sequentially compact [16].
We note that statistically quasi-Cauchy sequences were studied in [17] in a different point of view.
We see that for any regular subsequential method G defined on R, if a subset A of R is G-sequentially compact, then it is
statistically ward compact (see [18] for the definition of G-sequentially compactness). But the converse is not always true.
Definition 4. A function defined on a subset A of R is called statistically ward continuous if it preserves statistically
quasi-Cauchy sequences, i.e. (f (αn)) is a statistically quasi-Cauchy sequence whenever (αn) is.
We note that statistical ward continuity cannot be obtained by any sequential method G (see [19] for more information
on G-continuity).
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Composition of two statistically ward continuous functions is statistically ward continuous. The sum of two statistically
ward continuous functions is statistically ward continuous, but a product of statistically ward continuous functions need
not be statistically ward continuous.
In connection with statistical quasi-Cauchy sequences and convergent sequences the problem arises to investigate the
following types of continuity of functions on Rwhere S,1S and c denote the set of statistical convergent sequences, the set
of statistical quasi-Cauchy sequences and convergent sequences of points in R, respectively.
(δs) : (αn) ∈ 1S ⇒ (f (αn)) ∈ 1S
(δsc) : (αn) ∈ 1S ⇒ (f (αn)) ∈ c
(c) : (αn) ∈ c ⇒ (f (αn)) ∈ c
(cδs) : (αn) ∈ c ⇒ (f (αn)) ∈ 1S
(s) : (αn) ∈ S ⇒ (f (αn)) ∈ S.
We see that (δs) is a statistical ward continuity of f , (s) is a statistical continuity of f , and (c) is the ordinary continuity
of f . It is easy to see that (δsc) implies (δs), and (δs) does not imply (δsc); and (δs) implies (cδs), and (cδs) does not imply
(δs); (δsc) implies (c) and (c) does not imply (δsc); and (c) is equivalent to (cδs).
Now we show that the implication (δs) implies (s), i.e. any statistically ward continuous function is statistically
continuous.
Theorem 3. If f is statistically ward continuous on a subset A of R, then it is statistically continuous on A.
Proof. Assume that f is a statistically ward continuous function on a subset A of R. Let (αn) be any statistically convergent
sequence with st − limk→∞ αk = α0. Then the sequence
(α1, α0, α2, α0, . . . , αn−1, α0, αn, α0, . . .)
is statistically convergent to α0. Hence it is statistically quasi-Cauchy. As f is statistically ward continuous, the sequence
(f (α1), f (α0), f (α2), f (α0), . . . , f (αn−1), f (α0), f (αn), f (α0), . . .)
is statistically quasi-Cauchy. It follows from this that the sequence (f (αn)) statistically converges to f (α0). This completes
the proof of the theorem.
The converse is not always true, for the function f (x) = x2 is an example since the sequence (√n) is statistically
quasi-Cauchy while (f (
√
n)) = (n) is not. 
We state the following straightforward result related to ordinary continuity.
Corollary 4. If f is statistically ward continuous, then it is continuous in the ordinary sense.
Related to G-continuity we have much more in the following.
Corollary 5. If f is statistically ward continuous, then it is G-continuous for any regular subsequential method G.
It is well known that any continuous function on a compact subset A of R is uniformly continuous on A. It is also true for a
regular subsequential method G that any statistically ward continuous function on a G-sequentially compact subset A of R is
also uniformly continuous on A (see [6]). Furthermore, for statistically ward continuous functions defined on a statistically
ward compact subset of R, we have the following.
Theorem 6. Let A be a statistically ward compact subset A of R and let f : A −→ R be a statistically ward continuous function
on A. Then f is uniformly continuous on A.
Proof. Suppose that f is not uniformly continuous on A so that there exists an ε0 > 0 such that for any δ > 0x, y ∈ E
with |x − y| < δ but |f (x) − f (y)| ≥ ε0. For each positive integer n, fix |αn − βn| < 1n , and |f (αn) − f (βn)| ≥ ε0. Since A
is statistically ward compact, there exists a statistical quasi-Cauchy subsequence (αnk) of the sequence (αn). It is clear that
the corresponding subsequence (βnk) of the sequence (βn) is also statistically quasi-Cauchy, since (βnk+1 − βnk) is a sum of
three statistical null sequences, i.e.
βnk+1 − βnk = (βnk+1 − αnk+1)+ (αnk+1 − αnk)+ (αnk − βnk).
Then the sequence
(an1 , βn1 , αn2 , βn2 , αn3 , βn3 , . . . , αnk , βnk , . . .)
is statistical quasi-Cauchy since the sequence (αnk+1 − βnk) is statistically convergent to 0. But the transformed sequence
(f (αn1), f (βn1), f (αn2), f (βn2), f (αn3), f (βn3), . . . , f (αnk), f (βnk), . . .)
is not statistically quasi-Cauchy. Thus f does not preserve statistical quasi-Cauchy sequences. This contradiction completes
the proof of the theorem. 
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Corollary 7. If a function f is statistically ward continuous on a bounded subset A of R, then it is uniformly continuous on A.
Proof. The proof follows from the preceding theorem and Lemma 2. 
Theorem 8. A statistically ward continuous image of any statistically ward compact subset of R is statistically ward compact.
Proof. Assume that f is a statistically ward continuous function on a subset A of R, and E is a statistically ward compact
subset of A. Let (βn) be any sequence of points in f (E). Write βn = f (αn)where αn ∈ E for each positive integer n. Statistical
ward compactness of E implies that there is a subsequence (γk) = (αnk) of (αn)with limk→∞1γk = 0.Write (tk) = (f (γk)).
As f is statistically ward continuous, (f (γk)) is statistically quasi-Cauchy. Thus we have obtained a subsequence (tk) of the
sequence (f (αn))with limk→∞1tk = 0. Thus f (E) is statisticallyward compact. This completes the proof of the theorem. 
Corollary 9. Statistically ward continuous image of any compact subset of R is statistically ward compact.
The proof follows from the preceding theorem.
Corollary 10. A statistically ward continuous image of any bounded subset of R is bounded.
The proof follows from Lemma 2 and Theorem 8.
Corollary 11. A statistically ward continuous image of a G-sequentially compact subset of R is statistically ward compact for any
subsequential regular method G.
It is a well known result that uniform limit of a sequence of continuous functions is continuous. This is also true in case
of statistical ward continuity, i.e. uniform limit of a sequence of statistically ward continuous functions is statistically ward
continuous.
Theorem 12. If (fn) is a sequence of statistically ward continuous functions on a subset A of R and (fn) is uniformly convergent
to a function f , then f is statistically ward continuous on A.
Proof. Let ε be a positive real number and (αk) be any statistically quasi-Cauchy sequence of points in A. By uniform
convergence of (fn) there exists a positive integer N such that |fn(x) − f (x)| < ε3 for all x ∈ E whenever n ≥ N . As fN
is statistically ward continuous on A, we have
lim
n→∞
1
n
k ≤ n : fN(αk+1)− fN(αk)| ≥ ε3 = 0.
On the other hand we have
{k ≤ n : |f (αk+1)− f (αk)| ≥ ε} ⊂

k ≤ n : |f (αk+1)− fN(αk+1)| ≥ ε3

∪

k ≤ n : |fN(αk+1)− fN(αk)| ≥ ε3

∪

k ≤ n : |fN(αk)− f (αk)| ≥ ε3

.
Now it follows from this inclusion that
lim
n→∞
1
n
|{k ≤ n : |f (αk+1)− f (αk)| ≥ ε}| ≤ lim
n→∞
1
n
k ≤ n : |f (αk+1)− fN(αk+1)| ≥ ε3
+ lim
n→∞
1
n
k ≤ n : |fN(αk+1)− fN(αk)| ≥ ε3
+ lim
n→∞
1
n
k ≤ n : |fN(αk)− f (αk)| ≥ ε3 = 0+ 0+ 0 = 0.
This completes the proof of the theorem. 
Theorem 13. The set of all statistically ward continuous functions on a subset A of R is a closed subset of the set of all continuous
functions onA, i.e.1SWC(A) = 1SWC(A)where1SWC(A) is the set of all statisticallyward continuous functions onA,1SWC(A)
denotes the set of all cluster points of 1SWC(A).
Proof. Let f be any element in the closure of 1SWC(A). Then there exists a sequence of points in 1SWC(A) such that
limk→∞ fk = f . To show that f is statistically ward continuous take any statistical quasi-Cauchy sequence (αk) of points
in A. Let ε > 0. Since (fk) converges to f , there exists an N such that for all x ∈ A and for all n ≥ N, |f (x)− fn(x)| < ε3 . As fN
is statistically ward continuous, we have limn→∞ 1n
k ≤ n : fN(αk+1)− fN(αk)| ≥ ε3 = 0. On the other hand
{k ≤ n : |f (αk+1)− f (αk)| ≥ ε} ⊂

k ≤ n : |f (αk+1)− fN(αk+1)| ≥ ε3

∪

k ≤ n : |fN(αk+1)− fN(αk)| ≥ ε3

∪

k ≤ n : |fN(αk)− f (αk)| ≥ ε3

.
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Now it follows from this inclusion that
lim
n→∞
1
n
|{k ≤ n : |f (αk+1)− f (αk)| ≥ ε}| ≤ lim
n→∞
1
n
k ≤ n : |f (αk+1)− fN(αk+1)| ≥ ε3
+ lim
n→∞
1
n
k ≤ n : |fN(αk+1)− fN(αk)| ≥ ε3
+ lim
n→∞
1
n
k ≤ n : |fN(αk)− f (αk)| ≥ ε3 = 0+ 0+ 0 = 0.
This completes the proof of the theorem. 
Corollary 14. The set of all statistically ward continuous functions on a subset A of R is a complete subspace of the space of all
continuous functions on A.
Proof. The proof follows from the preceding theorem. 
4. Conclusion
In this paper, a new concept, namely the concept of statistical ward continuity of a real function is introduced and
investigated. In this investigation we have obtained theorems related to statistical ward continuity, statistical ward
compactness, compactness, and uniform continuity. We also introduced and studied some other continuities involving
statistical quasi-Cauchy sequences, statistical sequences, and convergent sequences of points in R.
For further study, we suggest investigating statistical quasi-Cauchy sequences of fuzzy points, and statistical ward
continuity for the fuzzy functions (see [20] for the definitions and related concepts in a fuzzy setting). However due to
the change in settings, the definitions and methods of proofs will not always be analogous to those of the present work.
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